A k-container of G between u and v, C (u, v), is a set of k internally disjoint paths between
In this paper, we are interested in the spanning connectivity of line graphs. The line graphs are defined on multigraphs. A multigraph is a graph with multiedges. Let M be a multigraph. The line graph L(M) of M is the graph with all the edges of M as its vertex set and two vertices e and f are adjacent in L(M) if and only if e and f share at least one common vertex in M.
A disconnecting set of edges in a multigraph M is a set F ⊆ E(M) such that M − F has more than one component.
A multigraph graph is k-edge-connected if every disconnecting set has at least k edges. The edge-connectivity of M, written κ ′ (M), is the minimum size of a disconnecting set. In other words, κ ′ (M) is the maximum k such that M is k-edge-connected. Obviously, κ ′ (M) ≤ δ(M).
There are some studies on the Hamiltonian property and the Hamiltonian connected property for line graphs [8] [9] [10] [11] [12] . Thomassen conjectured that every 4-connected line graph is Hamiltonian [13] . By Ryjácek [14] , this conjecture is equivalent to the conjecture of Matthews and Sumner stating that every 4-connected claw free graph is Hamiltonian [15] . Some sufficient conditions for a line graph G = L(M) to be Hamiltonian connected are proposed as follow: κ ′ (M) ≥ 4 [11] , κ(G) ≥ 7 [12] , and M is K 1,3 -free with κ(G) ≥ 4 [8] . In this paper, we generalize the result in [11] 
We also generalize our result into spanning fan-connectivity.
Preliminaries
A multigraph M is Eulerian if it has a closed trail that traverses all edges of M. A subgraph N of M is dominating in M if every edge of M has at least one vertex on N. Harary [16] A k-edge-container of M between two edges e and f is a set of k internal edge-disjoint trails between e and f . Using the idea behind Theorem 2.1, we have the following theorem. Proof. Suppose that M has a dominating k-edge-container between e and f . Then there exist k internal disjoint trails
forms a k * -container between e and f in G.
Let τ (M) denote the maximum number of edge-disjoint spanning trees in multigraph M. The following theorem was first introduced by a survey paper [17] with a reference later on [22, 18] . However, the formal proof is given in [19] . 
A k-edge-container of M between two vertices x and y is a set of k edge-disjoint trails between x and y. Proof. By Lemma 3.1, there exists a spanning subgraph H of M that satisfies
Since κ ′ (H) ≥ k − 1, by Menger's Theorem, there are k − 1 disjoint trails Q 1 , Q 2 , . . . , Q k−1 between x 1 and x 2 . Let K be the subgraph 
Proof. Let e 1 and e 2 be two distinct edges of M. We choose v i to be an endvertex of e i for i ∈ {1, 2} such that v 1 ̸ = v 2 . By Theorem 2.3, τ (M − e 1 − e 2 ) ≥ k. From Theorem 3.1, M − e 1 − e 2 has a spanning k-edge-container P 1 , P 2 , . . . , P k between v 1 and v 2 of M − e 1 − e 2 . We set Q i as ⟨e 1 , P i , e 2 ⟩ for every i. Obviously, {Q 1 , Q 2 , . . . , Q k } forms a spanning k-edge-container between e 1 and e 2 . By Theorem 2.2, L(M) has a k * -container between e 1 and e 2 .
Generalizations
In this section, we discuss the generalization of Theorem 3.2. Note that we use the existence of spanning k-edgecontainers in M in the proof of Theorem 3.2. However, we only need the existence of dominating k-edge-containers in M. Thus, there is room for improvement in our results.
Shao [20] introduced the concept of a core for a multigraph. An edge cut Y of M is essential if M − Y has at least two non-trivial components. For an integer k > 0, a multigraph M is essentially k-edge-connected if M does not have an essential edge cut Y with |Y | < k.
Let M be a connected, essentially 3-edge-connected multigraph such that L(M) is not a complete graph. The core of this graph M, denoted by M 0 , is obtained by deleting all the vertices of degree 1 and contracting exactly one edge (x, y) or (y, z) for each path ⟨x, y, z⟩ in M with deg M (y) = 2.
It is very easy to generalize our result to prove that
can also generalize our result by considering the concept of a spanning fan.
There is another Menger type theorem. Let x be a vertex in a graph G and let U = {y 1 , y 2 , . . . , U) , is a set of internally-disjoint paths {P 1 , P 2 , . . . , P t } such that P i is a path connecting x and y i for 1 ≤ i ≤ t. It is proved by Dirac [21] that a graph G is k-connected if and only if it has at least k + 1 vertices and there exists a t − (x, U)-fan for every choice of x and U with |U| ≤ k and x ̸ ∈ U. With this observation, Lin et al. [6] introduce the concept of a spanning fan. 
It is proved in [6] that every 1 * -connected graph is 1 * f -connected. U) , is a set of internal edge-disjoint trails {P 1 , P 2 , . . . , P k } such that P i is a trail between e and f i . Similar to Theorem 2.2, we have the following theorem. We generalize the concept of collapsible graphs introduced by Catlin [17] . A multigraph M is k-collapsible if for every subset R of V (M) with |R| being even there exists a spanning subgraph H of M that satisfies
Note that 1-collapsible graphs are the original collapsible graphs.
Proof. The proof is similar to the proof of Lemma 3.1. Let {T 1 , T 2 , . . . , T k } be a set of edge-disjoint spanning trees of M. Let S be the subgraph of M generated by ∪ k−1 i=1 E(T i ). Obviously, τ (S) = k − 1. Let R be a subset of V (M) with |R| being even. We set X = {x ∈ V (M) | deg S (x) is odd} and Y = R ⊕ X where ⊕ is the set symmetric difference operation. Obviously, |Y | is even. Let Y = {u 1 , u 2 , . . . , u 2l }. Let P i be the unique path in T k joining u 2i−1 to u 2i . Let H be the subgraph of M generated by E(S) ⊕ E(P 1 ) ⊕ E(P 2 ) ⊕ · · · ⊕ E(P l ). It is easy to see that H is the required subgraph. Theorem 4.2. Assume that M is a (k − 1)-collapsible multigraph and n 1 , n 2 , . . . , n r are positive integers such that ∑ r i=1 n i = k. Let x, y 1 , y 2 , . . . , y r be distinct vertices of M. Then there exist k edge-disjoint trails ∪ r i=1 {P i j | 1 ≤ j ≤ n i } such that the union of these trails spans M and P i j is a trail joining x to y i .
Proof. We set R as {y i | n i isodd} if k is even and set R as {x} ∪ {y i | n i isodd} if otherwise. Obviously, |R| is even. Since M is (k − 1)-collapsible, there exists a spanning subgraph H of M that satisfies
